We derive the finite-volume correction to the binding energy of an N -particle quantum bound state in a cubic periodic volume. Our results are applicable to bound states with arbitrary composition and total angular momentum, and in any number of spatial dimensions. The only assumptions are that the interactions have finite range. The finite-volume correction is a sum of contributions from all possible breakup channels. In the case where the separation is into two bound clusters, our result gives the leading volume dependence up to exponentially small corrections. If the separation is into three or more clusters, there is a power-law factor that is beyond the scope of this work, however our result again determines the leading exponential dependence. We also present two independent methods that use finite-volume data to determine asymptotic normalization coefficients. The coefficients are useful to determine low-energy capture reactions into weakly bound states relevant for nuclear astrophysics. Using the techniques introduced here, one can even extract the infinite-volume energy limit using data from a single-volume calculation. The derived relations are tested using several exactly solvable systems and numerical examples. We anticipate immediate applications to lattice calculations of hadronic, nuclear, and cold atomic systems.
I. INTRODUCTION
In a number of highly influential papers [1] [2] [3] , Lüscher derived the volume dependence of two-particle bound states and scattering states in cubic periodic volumes. The bound-state relation connects the finite-volume correction to the asymptotic properties of the two-particle wave function, whereas the elastic scattering result relates the volume dependence of discrete energy levels to physical scattering parameters. This work has since been extended in several directions, including non-zero angular momenta [4] [5] [6] , moving frames [7] [8] [9] [10] [11] , generalized boundary conditions [12] [13] [14] [15] [16] , particles with intrinsic spin [17] , and perturbative Coulomb corrections [18] . 1 With improved numerical techniques and computational resources enabling the calculation of systems with an increasing number of constituents, understanding the volume dependence of more complex systems is of timely relevance. Currently some results are available for three-particle systems, ranging from the general theory [23] [24] [25] to explicit results for specific systems [26] [27] [28] [29] . In this letter, we derive the volume dependence of N -particle bound states with finite-range interactions in d spatial dimensions and arbitrary total angular momentum. We also use finite-volume energies to extract asymptotic normalization coefficients, which are useful in halo effective field theory calculations of low-energy reactions of relevance for nuclear astrophysics [30] [31] [32] [33] . The results presented here should have numerous and immediate applications for lattice QCD and lattice effective field theory calculations of nuclei. Moreover, our results also apply to lattice simulations of cold atomic systems, as discussed for example in Refs. [34] [35] [36] .
When the separation is into two bound clusters, the leading correction is the same as the finite-volume correction for a two-particle system, where the clusters are treated as though they were fundamental particles. While one may have guessed this result in the case where the N -particle system is a weakly bound system of two clusters, we show that this formula continues to hold even when the N -particle system is more strongly bound than one or more of the constituent clusters.
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In the case where the separation is into three or more clusters, our derivation gives the leading exponential dependence. However, in this case there are also correction factors which scale as inverse powers of the periodic box size. We discuss these power-law factors here for a few special cases, while the general result will be addressed in a future publication.
II. ASYMPTOTIC BEHAVIOR
We start with N nonrelativistic particles in d spatial dimensions with masses m 1 , · · · m N . We are using units where = c = 1 and write the position-space wave function for a general state |ψ as ψ(r 1 , · · · r N ). The Hamiltonian we consider is of the formĤ
, and in general we have nonlocal interactions of every kind from two-particle up to N -particle interactions. We can write the total interaction as a sum of integral kernels,
where we use the shorthand notation
for the spectator particles. We assume that the interactions respect Galilean invariance, and so the center-of-mass (c.m.) momentum is conserved, and the c.m. kinetic energy decouples from the relative motion of the N -particle system. We furthermore assume that every interaction has finite range, meaning that each W i1···i k vanishes whenever the separation between some pair of incoming or outgoing coordinates exceeds some finite length R.
We now consider an N -particle bound state with total c.m. momentum zero, binding energy B N , and wave function ψ B N (r 1 , · · · r N ). In our notation the binding energy is the absolute value of the bound-state energy. Let us consider the asymptotic properties of this wave function when one of the coordinates becomes asymptotically large, while keeping the others fixed. Without loss of generality, we take the coordinate that we pull to infinity to be r 1 .
Let S refer to the set of coordinate points {r 1 , · · · r N } where r 1 is greater than distance R from all other coordinates. Therefore in S there are no interactions coupling r 1 to r 2 , · · · r N . By the assumption of vanishing c.m. momentum, we can work with the reduced Hamiltonian
and
We have written m n···N = m n + · · · + m N for the total mass of the (sub)system for the two cases n = 1 and n = 2. We have also introduced µ 1|N −1 as the reduced mass with
We note that the first three terms in Eq. (4) For the moment we assume that the ground state ofĤ 2···N is a bound state with energy −B N −1 and wave function ψ B N −1 (r 2 , · · · r N ). For simplicity we consider here the case where the relative motion wave function has zero orbital angular momentum and will relax this condition later in the discussion. Then, as r 1|N −1 = r 1|N −1 becomes large, we have
where K d/2−1 is a modified Bessel function of the second kind, r 1|N −1 = r 1 − (m 2 r 2 + · · · + m N r N )/m 2···N , and
For the excited states of the N −1 system there will be terms analogous to Eq. (6), however they will be exponentially suppressed due to the larger energy difference with B N . This discussion is readily generalized to the case of two clusters with arbitrary particle content. For this case we take the center of mass of A coordinates to infinity while keeping the relative separations within the A and N −A subsystems fixed. Without loss of generality, we can choose the A coordinates to be r 1 , · · · r A . Following steps analogous to the case A = 1, we again apply the separation of variables to the N -particle wave function and obtain
where
and −B A and −B N −A are the ground state energies of the A-particle and (N −A)-particle systems respectively. We have made the simplifying assumption that −B A and −B N −A are both bound-state energies. If this is not true and one or both are instead energies associated with a scattering threshold, then Eq. (8) remains correct up to additional prefactors that scale as inverse powers of κ A|N −A r A|N −A . These factors arise from the integration over scattering states, and will be discussed in a future publication.
We now remove the condition that the relative motion between clusters have zero orbital angular momentum. In the general case, the relative-motion wave function has the form
where Y L denotes the d-dimensional hyperspherical harmonics for spin representation (see for example Ref. [37] ) and γ L are constant coefficients. This is exactly the same behavior as found in two-particle bound states with nonzero angular momentum. All of the various cases for d = 2 and d = 3 are discussed in Ref. [6] . For the one-dimensional case, = L = 0 corresponds with even parity and = L = 1 corresponds with odd parity. For even parity the spherical harmonic is just unity, while for odd parity it is an odd step function.
III. FINITE VOLUME CORRECTION
We define B N (L) as the finite-volume binding energy in a cubic periodic box of length L and let ∆B N (L) = B N (L) − B N be the finite-volume correction. Following steps analogous to Refs. [1, 5, 6, 29] , we find that ∆B N (L) gets contributions from every possible breakup channel.
If the N -particle system can be subdivided as an A-particle bound state and (N −A)-particle bound state in a relative = 0 state, then we get a contribution to ∆B N (L) that is proportional to
In addition to this there are also terms that have a larger exponential suppression and thus can be neglected. While generally different subdivisions contribute to the overall volume dependence of a given state, the smallest value κ A|N −A determines the leading asymptotic behavior. If the two bound states have orbital angular momentum > 0, then the finite volume correction has the same dependence as in Eq. (13) along with subleading terms that are suppressed by powers of κ A|N −A L. The functional form is exactly the same as that for the N = 2, d = 2, 3 cases derived in Refs. [5, 6] . The sign of the correction oscillates with even and odd .
For the case that the A-particle ground state, (N −A)-particle ground state, or both ground states are scattering states, we still obtain the same exponential dependence, except there is an additional power law factor of P (κ A|N −A L) due to the integration over scattering states,
The general functional form for this power law factor P (κ A|N −A L) is beyond the scope of this current study, but we discuss the power-law factor P (κ A|N −A L) for several notable examples below. The remaining finite-volume corrections are exponentially suppressed compared to the terms in Eq. (13) and Eq. (14) .
IV. ANALYTICALLY SOLVABLE EXAMPLES
We now consider several examples to check the results we have derived. We start with the exactly solvable Nparticle system in one dimension with all equal masses m and an attractive delta-function potential −cδ(r i − r j ) between every pair of particles i, j. The exact ground state binding energies are
where B 2 = c 2 m/4, and the exact wave functions are
with κ = cm/2. Let us now pull r 1 , · · · r A in unison to infinity with r A+1 , · · · r N fixed. From the exact wave function we have
This result agrees precisely with the asymptotic behavior given in Eq. (8) .
The next example we consider is the three-particle system at the unitarity limit in three dimensions. This corresponds with two-particle interactions with zero range and infinite scattering length. Our result for the leading finite-volume correction is
where P (κ 1|2 L) is a power-law function arising from the scattering threshold of the two-particle system. We find the same exponential dependence as the result derived in Ref. [29] ,
and there are subleading power-law corrections in addition to exponentially suppressed corrections. In this case we find that the leading power-law behavior is
Finally, the third example we consider is the case of a spinless N -particle bound state with only an N -particle interaction. In this case there are no cluster substructures and we need only consider the asymptotic behavior as one of the particles is pulled away from the center of mass of the remaining ones. Without loss of generality, let the particle that we pull away be r 1 . The corresponding Jacobi coordinate is r 1|N −1 with reduced mass µ 1|N −1 . As we pull r 1 away from the center of mass of the other particles, the wave function can be shown to be proportional to
This result matches the same exponential dependence as our predicted result
We can further conclude that in this case the power law suppression factor is
V. NUMERICAL TESTS
We now test our results with numerical calculations. The program used to calculate the results presented in this section has been set up to handle an arbitrary number of particles and spatial dimensions, limited only by available computational resources. This is achieved through a generator code (written in Haskell) that automatically creates scripts (to be run with GNU Octave or compatible software) for each desired case. This Haskell code is provided as supplementary material together with this letter (see appendix for details).
We consider equal-mass particles interacting via attractive local Gaussian potentials 3 in d = 1, 2, 3 dimensions. For the derivatives appearing in the kinetic energy, we write the finite difference up to k-th order accuracy, where k = 2, 4, · · · .
Expanding the Bessel function in Eq. (13), we find that the leading finite-volume correction has the asymptotic form
This form can be easily identified by plotting the logarithm of ∆B N (L) times
as a function of L, and linear fits can be used to extract the slopes to be compared to the expected κ A|N −A .
Results for different potentials and spatial dimensions d = 1, 2, 3 and are shown in Figs. 1, 2 , and 3. In these calculations, all physical quantities are expressed in terms of powers of the particle mass m, which has been set to unity. That is, energies and momenta are divided by the mass, and length scales are multiplied by the mass, and overall we set = c = m = 1. The lattice spacings a latt for the calculations were chosen to minimize discretization Table I . Numerical results for local Gaussian potentials V (r) = V0 exp(−r 2 /R 2 ). All quantities are given in units of the particle mass m = 1 (see text). artifacts as much as possible while probing volumes large enough to test the asymptotic behavior of the finite-volume corrections. From the observed straight lines in the plots it is clear that Eq. (23) holds as a very good approximation. The true infinite-volume energies B N used to calculate the shifts ∆B N (L) were obtained by minimizing the error in fitting linear functions to the data points.
As summarized in Table I , the slopes extracted from these linear fits (performed within the ranges L min . . . L max ) agree very well with the prediction that the asymptotic volume dependence is dominated by the 1|N −1 contribution. These results provide further assurance that the relations derived in this letter are correct. Similar agreement is found for other setups (involving higher-body potentials and/or relevant contributions other than 1|(N −1)) as well; these will be presented in a forthcoming publication.
ASYMPTOTIC NORMALIZATION COEFFICIENTS
Let us now consider the case where both the A-particle and (N −A)-particle clusters are bound states or fundamental particles. In this case we extract an asymptotic normalization coefficient (ANC) associated with the A + (N −A) threshold. ANCs play an important role for low-energy capture processes that govern nucleosynthesis in stellar environments [30] [31] [32] [33] and are notoriously difficult to extract in terrestrial experiments due to dominance of the Coulomb repulsion at low energies. We will describe the problem of Coulomb ANCs in a future publication and focus here on the case of extracting ANCs for finite-range interactions from finite-volume data.
In the limit that separation distance r A|N −A between the two clusters is large, the normalized N -body wave function is a product of normalized A-body and (N −A)-body wave functions times the relative wave function as written in Eq. (12) . The ANC is then the coefficient γ L in Eq. (12), which we will write as γ throughout the remainder of our discussion. We note for d = 2 our definition here differs from that used in Ref. [6] . We can extract the relative wave function by calculating the ratio
for some localized A-body and (N −A)-body operators O A (r), O N −A (r). We then compare this relative wave function at finite volume with the asymptotic form written in Eq. (12) plus additional copies due to the periodic boundary conditions, extracting the magnitude of the ANC. We write this as |γ| WF , where WF is shorthand for wave function. We can also determine the ANC in a completely different way using the finite-volume correction ∆B N (L). By combining our N -body results here with the derivations in Refs. [1, 5, 6] , we find that ∆B N (L) equals
plus smaller corrections that are exponentially suppressed. The function f (d) takes values f (1) = 2, f (2) = 8/π, and f (3) = 3. If there are several different ways to partition the N -particle system into clusters with same κ A|N −A value, then there will be contributions to the finite-volume correction from each channel. In particular, in the case of N identical particles (as considered in the numerical examples presented here), there is a combinatorial factor that counts the number of ways to partition the identical particles into A|N −A clusters. For d = 3, ∆B N (L) is averaged over all 2 + 1 elements of the angular momentum multiplet, while for d = 2 the average is taken over symmetric and antisymmetric combinations of L = ± for even [6] . Equation (25) follows directly from defining the ANC in terms of the asymptotic radial wave function, which for cluster separation r A|N −A large compared to the range of the interaction is universally given by Using the same lattice examples with Gaussian potentials as discussed previously, we present results for |γ| FV and |γ| WF in Table II . We use Eq. (24) with the operator O 1 equal to the single particle density and O N −1 equal to the (N −1)-body density on a single lattice site, with all quantities extracted at the same finite volume. As seen in Table II, Table II . Extracted ANCs for local Gaussian potentials V (r) = V0 exp(−r 2 /R 2 ). All quantities are given in units of the particle mass m = 1.
We furthermore note that by using the finite-volume wave function to determine |γ| WF and κ A|N −A , we can estimate ∆B N (L). By combining this with the finite-volume binding energy B N (L), we can determine the infinite-volume binding energy from a single-volume calculation. We expect this technique to be of practical use for computationally expensive calculations of quantum bound states, perhaps making it unnecessary to perform infinite-volume extrapolations. As an illustration, we show in Table III results obtained by applying the method to the same potentials and states considered previously. Specifically, we calculate ∆B N (L) estimate by using |γ| WF and κ A|N −A obtained from the wave function at a fixed volume L = 8. The uncertainties quoted are based on varying the wave function tail range from which |γ| WF and κ A|N −A are extracted using a fit to the known asymptotic form, and also by comparing the κ A|N −A thus determined to the result obtained directly from the energy at volume L. 4 Given that this error estimate does not include discretization artifacts or account for the subleading volume dependence of the states, we find overall good agreement for the single-volume extrapolation with the exact finite-volume corrections. Table III . Finite-volume corrections for local Gaussian potentials V (r) = V0 exp(−r 2 /R 2 ) predicted from the tail of the wave function at a single fixed volume L, as described in the text. All quantities are given in units of the particle mass m = 1.
VI. SUMMARY AND OUTLOOK
We have derived finite-volume corrections to the binding energy of a general N -particle bound state in a cubic periodic volume, focusing on the leading behavior in this first study of such systems. We have also derived two new methods for computing the asymptotic normalization coefficient. Our results apply to bound states with any spin and in any number of spatial dimensions, provided only they satisfy the condition of vanishing c.m. motion that is assumed in our derivation. In the future, it would be interesting to also consider the more general case of N -particle systems in moving frames, which is relevant for the scattering of composite particles [9, 11] and as tool to reduce the overall volume dependence of calculations (see e.g. Ref. [10] ).
The results presented here should have wide applications to many calculations of hadronic structure, nuclear structure, and bound cold atomic systems. In particular our results should be useful for lattice simulations of nuclei and hypernuclei starting from quarks and gluons in lattice quantum chromodynamics [38] [39] [40] [41] [42] [43] [44] [45] [46] or protons, neutrons, and hyperons in lattice effective field theory [47] [48] [49] . For such calculations performed with unphysical pion masses, one might not know a priori which A + N −A system will give the leading finite-volume dependence. In that case we recommend a global analysis of all the available data to determine a self-consistent description.
implemented with index maps for each of these coordinates, and shifted versions thereof are used to generate the kinetic terms, which are differential operators in this representation, as finite differences to k-th order accuracy (the code supports arbitrary even k ≥ 2). For further explanations regarding the code we refer to the comments included in the source file.
Usage
Using the generator code is very easy provided that a Haskell toolchain is installed on the target system; it does not require any packages beyond the Haskell standard library. Generator.hs can either be compiled into an executable file or, simpler yet, be invoked directly as a script. For example, the command $ runhaskell Generator.hs -d 1 -n 3 -L 16
will generate a script for three particles in one dimension, interacting via a two-body potential that defaults to a Gaussian well with V 0 = −1 and R = 1. This, as well as many other parameters, can be changed with command-line options. The available options that can be customized are easily identified in the source code.
With the above command, the generated script code is written directly to the terminal output. From there, it can either be redirected to a file for further editing, or be conveniently passed directly to a compatible script interpreter. If GNU Octave is installed, a command like $ runhaskell Generator.hs -d 1 -n 3 -L 16 | octave will simply present the result of the numerical diagonalization to the terminal output.
